A multiple-scattering theory is applied to study the homogenization of clusters of elastic cylinders distributed in a isotropic lattice and embedded in a viscous fluid. Asymptotic relations are derived and employed to obtain analytical formulas for the effective parameters of homogenized clusters in which the underlying lattice has a low filling fraction. It is concluded that such clusters behave, in the low frequency limit, as an effective elastic medium. Particularly, it is found that the effective dynamical mass density follows the static estimate; i.e., the homogenization procedure does not recover the non-linear behavior obtained for the inviscid case. Moreover, the longitudinal and transversal sound speeds do not show any dependence on fluid viscosity. Numerical simulations performed for clusters made of brass cylinders embedded in glycerin support the reliability of the effective parameters resulting from the homogenization procedure reported here.
I. INTRODUCTION
The propagation of acoustic waves in inhomogeneous media has attracted much attention over the years. Recently, there has been a growing interest in a special type of inhomogeneous materials named phononic crystals, whose elastic parameters vary periodically in space. The interest in these materials arises from the possibility of having frequency regions, known as absolute band gaps, where the propagation of elastic waves is forbidden, whatever their polarization and wave vector. [1] [2] [3] [4] [5] In addition to their ability to behave like perfect mirrors, these structures can prove particularly useful for applications requiring a spatial confinement of acoustic waves and can hence be used as acoustic filters or very efficient waveguides. 5 A class of phononic crystals where the solid background is replaced by a fluid or a gas are usually called sonic crystals. [6] [7] [8] The theoretical description of sonic and phononic crystals has employed two main strategies. One consists of band structure calculations [1] [2] [3] [4] [6] [7] [8] of the corresponding infinite system in order to match the gaps in the dispersion relation with the attenuations found in the transmission spectra. The other one calculates the transmission spectra by different algorithms such as the transfer matrix method, 9 finite differences, [10] [11] [12] or by multiple scattering. [13] [14] [15] The latter is the most suitable for describing finite-size structures. Experimental observations have recently demonstrated that phononic crystals can also be employed in the frequency region well below the bandgap as acoustic lenses for sound focusing as well as acoustic interferometers that work similarly to their optical counterparts. 16, 17 Inspired by these findings, several approaches have been presented in order to give a description of phononic crystals in the low frequency limit or long wavelengths. [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] Kafesaki et al. 18 analyzed the phenomenon of the sound speed of drops in mixtures by means of an effective medium obtained by using the coherent potential approximation. Krokhin et al. 19 employed plane wave expansions to derive analytical expressions for the speed of sound valid for arbitrary filling fraction and different geometries of the inclusions. More recently Mei et al. 24 and Torrent et al. 25, 26 applied the multiple scattering method to develop a homogenization theory to simultaneously obtain the effective sound speed as well as the effective density of finite cluster of cylinders embedded in air. Kutsenko et al. 27 introduced a new analytical approach based on the monodromy matrix for the two dimensional case to derive the effective shear speed in two dimensional phononic crystals. Finally, the results of Wu and co-workers 28 are also of interest to this work though they report an effective medium theory applied to the case of elastic inclusions embedded in a different elastic medium.
Despite of the extensive studies in sonic/phononic crystals the effect of losses at low frequencies has been scarcely considered. Only a few works have been devoted to this topic. A related problem was firstly tackled by Einstein in his classical 1905 paper, where he studied the effective viscosity of rigid spheres in a viscous medium. 29 Afterwards, Batchelor and Green 30 tried to determine the bulk stress in a suspension of spherical particles up the second order in the filling fraction and Sprik and Wegdam 31 showed that shear viscosity in the liquid constituent may lead to gap formation in solidliquid systems. For the case of periodic distributions, Psarobas et al. 32, 33 developed an on-shell multiple scattering method in order to incorporate the effect of viscoelastic losses in the band structure calculation by means of a complex and dispersive Lam e's constant. Hussein 34, 35 introduced a modified finite element method (reduced Bloch mode expansion) to calculate the dispersion relation using finite-number set of Bloch mode eigenvectors at each wave-vector point. a) Author to whom correspondence should be addressed. Electronic mail:
jsdehesa@upvnet.upv.es
It was found that in sonic crystals the existence of complete band gap is more difficult due to suppression of transversal sound in the liquid background. However, viscosity in liquids may lead to gap formation in solid-liquid systems. Shear viscosity in the liquid introduces a new length scale associated with the penetration of shear stress into the viscous liquid. When the viscous penetration depth d ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ð2g=q b xÞ p becomes comparable to the structural length scale in the composite, viscous effects cannot be ignored in describing the acoustical properties.
In this work we analyze the scattering of acoustic waves by clusters of elastic cylinders distributed in a periodic lattice and immersed in a viscous medium. We are here interested in the homogenization of this type of systems and their properties are obtained using an effective medium theory. In other words, we are considering clusters interacting with sound wavelengths much larger than the distance between cylinders and larger also than the cylinder's diameter size. In terms of frequencies, we are dealing with very low frequencies; i.e., in a frequency region very far from the frequency at which the first acoustic band gap of the underlying lattice appears. Asymptotic relations are derived and employed to formulate a method of homogenization based on the scattering properties of the cluster. By using the multiple-scattering method we have demonstrated that, in the long wavelength limit, a distribution of elastic cylinders embedded in a viscous fluid effectively behaves like a single elastic cylinder with parameters that can be analytically obtained. Semianalytical formulas for the effective parameters (i.e., effective longitudinal sound speed, effective transversal sound speed, and effective density) are obtained in the case of dilute (low filling fraction) structures. We have obtained that the effective mass density follows the linear static estimate, that is, the homogenization procedure does not recover an effective mass density with a non-linear dependence on the filling fraction, as was the result for the inviscid case. Moreover, it is worth mentioning that there is no explicit dependence on the fluid viscosity for the mass density or for the longitudinal and transversal sound speeds. However, viscosity effects are implicitly involved in the resulting effective parameters through the boundary conditions employed in the homogenization procedure.
This article is organized as follows. In Sec. II the mathematical formulation for a single elastic cylinder in a viscous background is introduced and the generalization to the case of a cluster by using the multiple scattering method is also briefly described. In Sec. III the concept of effective t matrix is introduced and the effective parameters are obtained for a general elastic-viscous fluid composite. Numerical results for a single and a cluster of elastic cylinders embedded in a viscous fluid are reported and discussed in Sec. IV, where the limit of wavelength to reach homogenization behavior in these systems is also studied as a function of the frequency. Finally, the work is summarized in Sec. V.
II. MATHEMATICAL FORMULATION
There are a wide variety of models in the literature that deal with viscous effects in acoustic wave propagation. The model most commonly used, which is also followed here, is based on the solution of the mechanical equations; i.e., all the terms in the linearized Navier-Stokes equations are taken into account. This particular treatment of viscosity complicates the analysis because the fluid medium can uphold shear and compressional modes; both must be accounted for satisfying the boundary conditions at the interfaces. First, we theoretically examine the two-dimensional (2D) scattered acoustic field produced by an impinging plane wave on a single elastic solid cylinder in order to obtain the t matrix. We assume, without loss of generality, that the cylinder has a circular cross-section and that it is infinitely long along the z-axis. We also consider that the incident wave propagates normally to the cylinder axis. Then we generalize the result to the case of multiple scatterers of arbitrary cross section.
A. t matrix of an elastic cylinder embedded in a viscous medium Let us consider the standard acoustic equations for linear flows in a homogeneous viscous fluid medium; i.e., the equation of continuity
the momentum equation
and the equation of state dp dq ¼ c
in which v is the complex fluid velocity vector, q b is the ambient fluid density, q is the density perturbation, p is the fluid pressure, c b is the sound speed, and g and n are the shear and bulk viscosities, respectively. Equations (1)- (3) can be combined to obtain the equation for the velocity vector v:
The velocity field can be expressed as a superposition of longitudinal and transversal vector components by using the Helmholtz decomposition theorem,
where u and w are the scalar and vector potentials, respectively. For 2D periodicity the vector potential has only z-component, w ¼ ð0; 0; wÞ. Now, substituting this decomposition into Eq. (4), we get the following two equations:
where k ' and k t are the longitudinal and transversal wave numbers, respectively, in the viscous fluid and are given by
The solutions of Eq. (6) are obtained by expanding the longitudinal and transversal vector components in series of Bessel (Hankel) functions as follows:
and
The field u ext represents the incident (external) field over the cylinder while u scatt and w scatt are the respective components of the scattered fields. The expansion over Hankel functions only guarantees that the scattered waves are outgoing. We also assume that the external field is pure longitudinal; i.e., the background considered here is a viscous fluid that, in absence of scatterers, supports propagation of longitudinal waves only. On the other hand, sound wave in the elastic cylinder is described by the equation for the displacement vector (Navier's equation of elasticity):
where q a , k a , and l a are the density and the Lam e's constants of the cylinder, respectively. The displacement vector is related to the velocity vector by means of the temporal derivative, v ¼ @u=@t ¼ Àixu. Introducing scalar and vector potential for velocity v, we obtain
Here the potentials / and n can be analogously expanded over Bessel functions
where k a ' ¼ x=c ' and k a ' ¼ x=c t are the longitudinal and transversal wave vectors, respectively, and c ' and c t their corresponding velocities, which are given in terms of mass density and Lam e's constants.
The coefficients of expansions (9) and (12) are obtained by imposing the continuity of the normal and tangential components of the velocity and stresses, respectively, at the cylinder surface. After some algebra, we get the t matrix that relates the coefficients A ' q to B ' q and B t q is (see Appendix A)
In general the t-matrix is a block diagonal matrix whose diagonal elements t q are 2 Â 2 matrices
where t '' q and t t'
q involved Bessel and Hankel functions, and t 't q and t tt q are equal to zero (see Appendix A). Note that even when determinant of the t-matrix is zero the flux conservation is satisfied. Elasticity involves the existence of two polarization modes so that the conservation of flux implies the conservation of the total flux; i.e., the addition of the longitudinal and transversal fluxes instead of conservation of individual components.
Let us recall that the problem of a single elastic cylinder in a viscous fluid has been already considered in Refs. 36 and 37 for circular and elliptic cross sections, respectively. In these studies the coefficients B q by solving a system of linear equations. However, here we have developed a t matrix formalism in order to tackle the problem of multiple elastic cylinders in a cluster. For a comprehensive description of this formalism and its application to problems of multiple scattering the readers are addressed to the book by Varadan and Varadan, 38 and the references therein. (15) can be cast into the following relations between the coefficients:
ðG ab ðk i ÞÞ qs being the propagator from b to a whose components are
, and ðB b Þ t q are not. To reduce the complexity of the following calculations it is convenient to express Eq. (16) in a more compact way, i.e.,
with
As in the case of a single cylinder, the boundary conditions at the cylinder surface allow us to calculate the t matrix whose components ðt a Þ qs relate the coefficients ðc a Þ q and ðb b Þ s :
Introducing the coefficients (20) in Eq. (18), after straightforward calculation we get
By truncating the sum over s within jsj < q max , this equation is reduced to a linear equation where the dimension of the relevant matrix is 2Nð2q max þ 1Þ Â 2Nð2q max þ 1Þ. Thus, in matrix form MB ¼ S, where B and S are column block matrices with elements
where each element is a matrix of dimension 2ð2q max þ 1Þ Â 2ð2q max þ 1Þ. In short, the matrix elements can be expressed by
Finally, the unknown coefficients B can be easily obtained by a matrix inversion, B ¼ M À1 S:
Thus the solution for a given cluster is obtained in terms of the block matrix ðM À1 ab Þ qs and the t matrix of the individual cylinders. As explained before, the t matrix is diagonal as in the inviscid case but now has a higher dimensionality since involves two different modes of propagation. This result is very general and valid for cylinders of any cross section, any filling fraction and any frequency. However, it is worth to mention that the above statement must be restricted, in the case of complex cross sections, to the possibility of evaluating the t matrix correctly and efficiently. Despite that we can assume that it is valid in general and it is particularly valid for low frequencies, which is the regime studied in the next section.
III. HOMOGENIZATION OF A CLUSTER OF ELASTIC CYLINDERS EMBEDDED IN A VISCOUS MEDIUM
The purpose here is to introduce the effective t matrix of a cluster. This t-matrix will relate the coefficients of the incident field to the coefficients of the field scattered by the cluster. The total scattered field around the cluster will be a superposition of the fields scattered by all the cylinders, that is,
where H q ðÁÞ is the q-th order Hankel function of first kind and ðr a ; h a Þ are the polar coordinates with the origin translated to the center of the a-cylinder, i.e., r a ¼ r À R a , as shown in Fig. 1 . The last equation can be also expressed as a function of coordinates centered at the cluster origin using the Graf's addition theorem 39 as
where
These coefficients are related to ðA b Þ l s , or more precisely to
The relationship between coefficients ða b Þ s and those of the external field a q can be obtained as follows. First, we assume a generic incident field that can be expanded as a sum of Bessel functions
which can be expressed in terms of coordinates with origin at the a cylinder as follows:
and, therefore, the coefficients ða a Þ s are
Now, the elements of the effective t matrix can be obtained in the following form:
which can also be cast as
When the underlying lattice of the cluster is isotropic (square or hexagonal) the cluster behaves, in the long wavelength limit, as a single homogeneous and isotropic cylinder. [40] [41] [42] Moreover, it also has been shown that the homogenization condition for a cluster of cylinders immersed in a inviscid fluid is given by 25, 26 t eff pq ¼t cyl pq ; 8p; q;
wheret pq are the k-independent coefficients of the lower order terms in the k-expansion of the corresponding t-matrix elements. It is straightforward to show that, due to the form of the effective t matrix in Eq. (32), the homogenization procedure in our case of elastic cylinder in a viscous medium also leads to Eq. (34). However, as will be seen below, the effective parameters are quite different from those obtained for inviscid case. Following the procedure employed for the inviscid case, 26 the effective parameters for a cluster of elastic cylinders embedded in a viscous fluid and distributed in a lattice with a low filling fraction are (see Appendix B):
where f is the fraction of volume occupied by the cylinders in the clusters and B a ¼ k a þ l a is the 2D bulk modulus of the elastic cylinder. Note that the effective parameters do not show any explicit dependence on the viscosity for the case here considered of clusters with low f . However, the expressions have embedded the viscosity through the boundary conditions employed in their derivation. It is remarkable that the expression for q eff in Eq. (38) is similar to that obtained from the homogenization of composites consisting of elastic inclusions embedded in another elastic medium. 28 This is an interesting result indicating that, though the boundary conditions in our system are slightly different to that of two elastic media, we arrive to similar expressions for q eff .
Let us remark that our homogenization procedure cannot recover the effective mass density obtained for the inviscid 26, [43] [44] [45] This can be explained as due to the fact that the inviscid case (g ! 0) is a singular limit in the sense of the asymptotic expressions derived for the viscous medium. In order to recover the results for the inviscid case we have to return to the equation and apply the corresponding boundary conditions at the cylinders' surface. It can be concluded that the suppression of the non-linear behavior of the mass density in composites made of elastic inclusions in an elastic background and elastic bodies in a viscous background is directly related with the boundary conditions at the corresponding interfaces.
From
where the bar symbols indicate that the magnitudes are normalized to the corresponding values of the background. In other words, the velocities are divided by c b , and the bulk modulus and density by B b and q b , respectively. As it is shown later, these simple expressions are valid for values f as large as 0.6. A similar conclusion was reported by Parnell et al. 45 who analyzed the validity of dilute estimates in a variety of homogenization schemes applied to elastic composites. Note that an explicit dependence on the viscosity will appear for the case (not studied here) of larger f values, through the terms containing the cylinders' interaction. The case of highly compact clusters will be the object of a future work that will be published elsewhere.
Figures 2-4 depict the effective parameters (normalized to the background) as a function of filling fraction. They are obtained by analyzing clusters of N cylinders made of brass, iron (Fe), and aluminum (Al), respectively, in three different fluid backgrounds: water in Fig. 2 , olive oil in Fig. 3 , and glycerin in Fig. 4 . We have taken N ¼ 151 cylinders as representative volume element necessary to guarantee that the homogenization method produces reliable effective parameters, as it was demonstrated in the inviscid case. 25, 26, 39 The acoustic parameters of the three backgrounds employed in the calculations are given in 47 Numerical calculations are made by using these parameters normalized to that of the background, and they are summarized in Table II . The cylinders in the cluster were distributed in a hexagonal lattice whose filling fraction f hex ¼ ð2p= ffiffi ffi 3 p ÞðR a =aÞ 2 , where a is the lattice constant. The hexagonal lattice was selected because is an isotropic lattice (like the square lattice) and for comparison purposes with the inviscid case, where results were obtained using this lattice. 25, 26, 48 For the calculations we have taken a ¼ 794 lm while the cylinders' radius have been changed from R a ¼ 0 to R a ¼ 0:5a, which corresponds to 0 f hex 0:907 (close packing condition). The radius R eff of the homogenized cylinder is calculated by imposing the condition
where f cls is the fraction of volume occupied by the N cylinders in the cluster. For the structure under study R eff Figures 2-4 show that c '; eff is always larger than c t; eff and that for f ! 0 the background properties are recovered; i.e., c l; eff ! c b and c t; eff ! 0. Figure 5 shows an alternative representation of the phase velocities given in Figs. 2-4 . Each point in the diagram corresponds to a filling fraction of the underlaying hexagonal lattice f hex . It is observed that the effective media have ratios between longitudinal and transversal phase velocities c ' =c t that are not approximately equal or greater than 2 as in ordinary solids. 49 In fact, the ratios c ' =c t are lower than 2 and can be tailored by adjusting f hex . With these new materials it is possible to get Poisson's ratios higher than 1=2 for filling fractions small enough. Recall that
FIG. 2. (Color online) Effective parameters of composites made of cylinders of brass (continuous lines), iron (dashed lines) and aluminum (dotted lines)
, respectively, embedded in water as function of the filling fraction. The parameters are normalized to those of water (see Table I ). The shadowed regions defined the filling fraction where the values obtained from Eqs. (35) and (36) are not reliable.
Poisson's ratio is r ¼ 1 À 2ðc t =c ' Þ 2 for 2D systems and that values r larger than 0.5 corresponds to a modulus of rigidity that is small compared with the compression modulus. Values to the right of the arrows correspond to f ! 0:6, where Eq. (36) is not reliable. The velocities of the material cylinders are represented by symbols. Note that, despite of the dilute medium approach, the effective velocities shown in Fig. 5 tend to that of their material constituents as f ! 0:9, the close packing condition of the hexagonal lattice. Note that effective elastic media with ratios c ' =c t not found in ordinary solids is direct a consequence of the background viscosity here considered.
Although effective parameters in Eq. (35) do not show any explicit dependence on viscosity g, the next section will show that viscosity produces observable effects in the resulting effective medium.
IV. VISCOSITY EFFECTS: RESULTS AND DISCUSSION
Here, we study two selected structures: a single elastic cylinder with circular cross-section and a cluster made of circular elastic cylinders having an external circular shape. Both structures are considered to be immersed in a viscous fluid. First, in Sec. IV A, we analyze the angular distribution of the scattered pressure at the far field for the case in which the viscous fluid is glycerin. Afterwards, in Sec. IV B, we analyze the relative difference of the forward fields by the effective medium and the circular cluster, respectively, in order to establish the homogenization limit. We conclude that viscosity produces observable effects at the far field as well as in the frequency cutoff determining the homogenization limit.
A. Viscosity effects at the far field
The scattered field by a cluster of cylinders is 
Numerical simulations are performed by considering the case of (i) a brass cylinder with circular cross section and radius R a ¼ 794 lm immersed in glycerin and (ii) a circular cluster of 151 brass cylinders distributed in a hexagonal lattice with parameter a ¼ 794 lm and with radii R a ¼ 0:3a The cluster radius is R cls ¼ 6:452a, which is obtained by using Eq. (37) . Figure 6 represents the pressure at the far field of both cases for several frequencies. For the single cylinder case it is observed that viscosity only modifies the forward and backward pressure patterns of the pressure when the frequency of the incident wave is increased. A similar result was previously reported by Lin and Raptis. 36 However, note that our result at frequency kR a ¼ 5 slightly differs from that in Fig. 2(c) of Ref. 36 . We attribute this difference to better convergence of data obtained here. In our calculations, we have determined that convergence is achieved by including angular momenta up to a certain q max , which is obtained from the following relationship:
with N and R i being the number of cylinders and their radii, respectively. For the frequencies employed in this study it has been found that q 0 ¼ 3 ensures good convergence. Then, for the case of a single cylinder N ¼ 1 and kR a ¼ 5 the resulting q max ¼ 9.
Regarding the pressure behavior at the far field for the cluster [see Figs. 6(d)-6(f) ], the strongest effect of the viscosity is due to additive contributions of losses produced at the surfaces of cylinders. 49 For the frequencies used in the calculation we get a significant viscous penetration depth d. We can conclude that viscosity plays non-negligible role in the modification of the pressure at the far field, especially along the backward and forward directions. This result is expected since the main amount of energy is essentially concentrated in both directions and, therefore, they are more sensitive to quantify the losses due to viscosity. We have employed this result to consider the forward direction as a reference in order to establish the condition determining the long wavelength limit (homogenization limit) of a circular cluster of elastic cylinders.
B. Homogenization limit for a cluster of elastic cylinders in viscous medium
A wavelength of around four times the lattice parameter has been found as a minimum wavelength in order to reach the homogenization of a cluster of rigid cylinders in an inviscid background. 25, 26 However, due to the presence of viscosity in the background as well as the elastic properties of the cylinders it is expected that this cutoff could be slightly different. In fact, it has been shown above how the background viscosity modifies the pressure at the far field at different frequencies.
In order to establish the new limit of homogenization for the viscous-elastic structures under study here we analyze the pressure field distributions produced by a cluster of brass cylinders and its corresponding homogenized cylinder. Particularly, we calculate the forward scattering cross sections as a function of the frequency by using the expressions in Eqs. (39) and (40) . Figure 7 reports the relative difference between the forward scattering cross section calculated for the cluster and the corresponding homogenized cylinder r eff for three different filling fractions; f ¼ 0:2, 0:4, and 0:6. The Fig. 4 values of effective parameters employed to calculate r eff are given in Table III . Results in this figure establish that the new homogenization cutoff is around k ¼ 6a, where a relative error less than 6% is obtained within the homogenization region for the lower filling fractions. To support our previous finding, Figs. 8 and 9 depict pressure maps of the scattering of a plane sound wave by a circular cluster of brass cylinders distributed in a hexagonal lattice with f hex ¼ 0:2 and the corresponding homogenized cylinder for k ¼ 4a and k ¼ 6a, respectively. From Fig. 7 it is observed that the wavelength k ¼ 4a (the homogenization limit in an inviscid background) is not enough to get a good agreement between both pressure patterns. Unlike this, maps in Fig. 8 , which correspond to k ¼ 6a, show a fairly good agreement.
Based on these results we conclude that viscosity increases the wavelength cutoff above which the homogenization is achieved.
V. SUMMARY
We have employed the multiple scattering method to analyze the scattering of acoustic waves by a cluster of elastic inclusions embedded in a viscous fluid host. Particularly, we have obtained asymptotic relations of the corresponding t matrix elements in the long wavelengths limit. They are used to derive analytical formulas for the parameters of the effective homogeneous solid representing the cluster in such a limit. We demonstrated that the effective mass density as well as the effective longitudinal and transversal sound speed depend on the structural distribution of the cylinders, their physical parameters, and the embedded medium. The resulting effective homogenized solid is a kind of elastic metamaterial whose elastic properties can be tailored by changing the cylinders' filling fraction in the cluster. We reported numerical simulations for several elastic-viscous fluid composites that support the validity of the formulas obtained for the effective parameters. It is also found that viscosity produces an increase of minimum wavelength for which the homogenization is achieved in comparison with the case of an inviscid host. We concluded that artificial elastic materials with parameters not found in nature can be obtained by homogenization of clusters made of solid cylinders in a viscous host. 
and those corresponding to the elastic scatterers are
These components satisfy the following boundary conditions:
where R a is the radius of the elastic cylinder. By introducing the expansions of u ext , u scatt , w scatt , / int , and f int in the velocity and after applying the boundary conditions to the resulting expressions, we obtain from the first two conditions in Eq. (A3) that 
which can be cast in matrix form as
where 
Similarly, from the last two boundary conditions in Eq. (A3) we obtain
with g, n, k a , l a , and B, being the viscosity constants, the Lam e's coefficients, and the bulk modulus, respectively.
Equations (A10) and (A11) can also be cast in matrix form as
It is straightforward to obtain the t-matrix, which relates the coefficients b q to a q , as
where ½Á Á Á À1 means matrix inversion. Note that t q is a 2 Â 2 matrix that has the following form:
Let us point out that the inverse matrix ½Á Á Á À1 in Eq. (A17) presents singularities associated to its functional dependence on the Hankel functions, which can take values close to zero for certain parameters and frequency regions, where the t À matrix cannot be obtained.
APPENDIX B: LOWER ORDER ELEMENTS OF THE k-EXPANSION OF THE t-SCATTERING MATRIX
The previous appendix has shown that the elements of the t-matrix can be calculated by using the matrix expression (A17), where t sq ¼ td sq . Now, by using the power series expansions of Hankel and Bessel functions for small arguments, is tedious but straightforward to show that the lower order terms of this matrix are 
where B a ¼ k a þ l a and a ¼ 4 3 g þ n. In the expressions above we have only considered the longitudinal projection of the t sq matrix (i.e.,' Á t sq ), which will be compared with the effective matrix of a cluster of cylinders.
The k-independent factors of lower terms in the power expansion are defined byt 
If we consider clusters of low filling fractions of the inclusions (i.e., the volume occupied by the cylinders is small) the diagonal terms of the effective t À matrix representing the homogenized cluster accomplish that 
where N is the number of cylinder and' Átare the lower terms in the power expansion mentioned above. This result is independent of the external shape of the cluster. It is well known that for a cylinder of arbitrary shape, the isotropic elementt 
and after some simplifications, the effective bulk modulus of the homogenized cluster is finally obtained as
In what follows we determine q eff by using the next diagonal term in the power expansion, which is easily obtained from Eqs. (34) and (B2):
Now, inserting the definition of f [see Eq. (B8)] allows one to merge the last equation in
Solving for q eff we get
Finally, for the third diagonal term, the low filling fraction limit implieŝ t eff 22 % N' Át 22 ;
and from Eq. (B3) it is clear that
